In this paper, we examine the possible orders of t-subset-regular selfcomplementary uniform hypergraphs, which form examples of large sets of two isomorphic t-designs. We reformulate Khosrovshahi and TayfehRezaie's necessary conditions on the order of these structures in terms of the binary representation of the rank k, and these conditions simplify to a more transparent relation between the order n and rank k in the case where k is a sum of consecutive powers of 2. Moreover, we present new constructions for 1-subset-regular self-complementary uniform hypergraphs, and prove that these necessary conditions are sucient for all k, in the case where t = 1.
Introduction

Denitions
For a nite set V and a positive integer k, let V (k) denote the set of all k-subsets of V. A hypergraph with vertex set V and edge set E is a pair (V, E), in which V is a nite set and E is a collection of subsets of V. For a hypergraph X in which every edge has cardinality in a given set of positive integers K, the complement X C of X = (V, E) is the hypergraph (X, E C ), where E C = k∈K (V (k) \ E). An isomorphism between two hypergraphs X = (V, E) and X = (V , E ) is a bijection φ : V → V which induces a bijection from E to E . If such an isomorphism exists, the hypergraphs X and X are said to be isomorphic. A hypergraph is self-complementary if it is isomorphic to its complement, and an isomorphism between a self-complementary hypergraph and its complement is called an antimorphism. The set of all antimorphisms of X will be denoted by Ant(X). An automorphism of a hypergraph X is an isomorphism from X to X, and the set of all automorphisms of a hypergraph X form a group, denoted by Aut(X). The rank of an edge e in a hypergraph is its cardinality |e|, and the order of a hypergraph (V, E) is |V|. A hypergraph (V, E) is called k-uniform (or a k-hypergraph) if E is a subset of V (k) , and the rank of a k-uniform hypergraph is k. Note that a 2-hypergraph is a graph. We will often denote the vertex set and edge set of a hypergraph X by V(X) and E(X), respectively.
Let X = (V, E) be a hypergraph with edge ranks in a set of positive integer K, let t ∈ K, and let f ∈ V (t) . We dene the t-valency val t X (f ) of f in X to be the number of edges e ∈ E containing f . A k-uniform hypergraph X is called t-subset-regular if the t-valency of f in X is independent of the choice of f ∈ V (t) , and hence is called the t-valency of X without ambiguity.
History and layout of the paper
In this paper, we examine the possible orders of t-subset-regular self-complementary uniform hypergraphs. The following result gives necessary conditions on the order of these structures. This is actually a corollary to a more general result due to Khosrovshahi and Tayfeh-Rezaie [9] , which gave necessary conditions on the order of large sets of t-designs. For positive integers m and n, let n [m] denote the unique integer in {0, 1, . . . , m − 1} such that n ≡ n [m] (mod m).
Theorem 1.1. [9] Let t, k and n be positive integers such that t < k ≤ n. If there exists a t-subset-regular self-complementary k-hypergraph of order n, then there exists an integer a such that min{i : 2 i | k} < a ≤ min{i : 2 i > k} and n [2 a ] ∈ {t, t + 1, . . . , k [2 a ] − 1}.
In Section 2, Theorem 2.1, we rene the result of Theorem 1.1 slightly to show that, for the given integer a, a − 1 must lie in the support of the binary representation of k. Poto£nik and ajna rst noted this renement in the case where the rank k has the form k = 2 or k = 2 + 1 [12] . Theorem 2.1 yields the more transparent necessary conditions in Corollary 2.2 on the order of a t-subset-regular self-complementary k-hypergraph in the case where k is a sum of consecutive powers of 2. In particular, we obtain Corollary 2.3, which shows that when k = 2 +1 − 1 and there exists a t-subset-regular self-complementary
The necessary conditions of Theorem 1.1 have been shown to be sucient in the cases where k ∈ {2, 3}. The case where k = 2 was handled constructively by Rao [13] , but there is also a proof due to Wilson [15] . Poto£nik and ajna handled the case where k = 3 and t = 1 [11] , and Knor and Poto£nik handled the case where k = 3 and t = 2 [10] . In Section 3, we show that the necessary conditions of Theorem 1.1 are sucient for all k, in the case where t = 1. We obtain the following main result. Theorem 1.2. Let k and n be positive integers such that 1 < k ≤ n. There exists a 1-subset-regular self-complementary k-hypergraph of order n if and only if there exists an integer a such that max{i : 2 i | k} < a ≤ min{i : 2 i > k} and
Connection to design theory
There is a connection between t-subset-regular hypergraphs and designs. Hence results from design theory are applicable to these hypergraphs and vice versa. A t-(n, k, λ) design is a pair (V, B) in which V is a set of cardinality n and B is a collection of k-subsets of a point set V , such that every t-subset of V is contained in exactly λ elements of B. Hence a t-subset-regular k-hypergraph X of order n is a t-(n, k, λ) design in which λ is equal to the t-valency of X. A large [2] (t, k, n) in which the t-designs are isomorphic. Hence results regarding sucient conditions on the order a t-subset regular selfcomplementary k-hypergraph imply the corresponding results for the order of a LS [2] (t, k, n). Theorem 1.1 was originally stated in the language of large sets of t-designs. Moreover, for t ∈ {1, 2}, large sets LS [2] (t, k, n) have been constructed for all pairs of integer n and k satisfying condition (2) of Theorem 1.1 [1, 2, 3, 4, 5, 6, 7, 8, 14] . However, it is important to note that these existence results do not imply that condition (2) of Theorem 1.1 is sucient for t ∈ {1, 2}, since there is no guarantee that two designs in the large sets constructed in these papers are isomorphic. To date, the only existence results for regular and 2-subset-regular self-complementary k-hypergraphs are those due to Rao, Poto£nik, ajna, and Knor [10, 11, 13] mentioned in the last section.
In this paper, we will use terminology from hypergraph theory, rather than design theory.
Necessary conditions on order
Given the binary representation of a positive integer k, we can use Theorem 1.1 to obtain exact necessary conditions on the order of a t-subset-regular selfcomplementary k-hypergraph. We will denote the binary representation 
for some ∈ supp(b).
Proof: By Theorem 1.1, there exists a positive integer a such that
If a − 1 ∈ supp(b), then set = a − 1 and we are done. Hence we may assume
, and so (4) implies that
Now (5) 
, and so (5) implies that
Since ∈ supp(b), this completes the proof.
In the case where k is a sum of consecutive powers of 2, condition (3) of Theorem 2.1 holds for the largest integer in the support of the binary representation of k, as the next corollary shows. 
for some j ∈ {0, 1, . . . , r}. Suppose that j < r. Since
Now since
. Thus for j < r, we have that
It follows that 
Sucient conditions on order
In this section, we prove that a 1-subset-regular self-complementary k-hypergraph of order n exists for every integer n satisfying the necessary conditions of Theorem 1.1. Consequently, we prove Theorem 1.2. First we will need some notation.
Let X = (V, E) be a k-hypergraph and let θ ∈ Sym(V). We will denote the valency val
and a vertex v ∈ V, let setval S (v) denote the number of edges of S containing v.
We will often make use of the following lemma.
(1) X is 1-subset-regular if and only if val
(2) If V = {∞}∪Z n and θ = (∞)(0 1 . . . (n−1)) ∈ Ant(X) for an even positive integer n, then X is 1-subset-regular if and only if val X (0) = val X C (0).
Proof:
which is independent of the choice of v ∈ V. Thus X is 1-subset-regular. Conversely, if X is 1-subset-regular, then since X ∼ = X C , the hypergraph X C is also 1-subset-regular and has the same 1-valency as X.
Conversely, suppose that val
which holds if and only if
, for x even and y odd, we have
Hence val X (x) = val X (y) for all x, y ∈ Z n . Moreover, since θ ∈ Ant(X) and θ xes ∞, we must also have val X (∞) = val X C (∞). Hence val X (v) is independent of the choice of v ∈ V, and so X is 1-subset-regular.
In Lemma 3.4 we will prove that the necessary condition (4) in Theorem 1.1 on the order n of a self-complementary k-hypergraph is sucient by induction on the congruence class of n modulo 2 a . In Lemma 3.3 we will handle the base case where n ≡ 1 (mod 2 a ), that is, n = m2 a + 1 for some positive integer m. We will need to make use of the following lemma, which handles the case where m = 1.
For a positive integer n, a subset A of Z n , and an element b of
Lemma 3.2. Let k and a be positive integers such that a ≥ 2 and 2 ≤ k < 2
Proof: First we will x an integer r such that 1 ≤ r < 2 a and examine the structure of the orbits of θ on Z
2 a . In particular, we will examine how the number of even and odd elements of E ∈ Z (r) 2 a aect the valency of 0 in the orbit of θ on Z (r) 2 a containing E. We can write r = 2 z M for some integer z such that 0 ≤ z ≤ a − 1 and some
a−x , any edge E ∈ O contains exactly r/2 x elements from each subset S x w in the partition, and x − i elements of the sequence E
Now for x ∈ {0, 1, . . . , z} and i ∈ {0, 1, . . . , r/2 x+1 }, and j = r/2
denote the set of orbits of θ on Z 
LetÊ r be a subset of Z 
has odd cardinality.
• Proof of Claim I: First, note that the set S 
We 
Claim I and the comments preceding it imply that
is odd for all integers r such that 1 ≤ r < 2 a . Now x an integer k such that 2 ≤ k < 2 a . Then 1 ≤ k − 1 < 2 a , and so
is even. Now we will nd subsets
2 a which are related tô E k−1 andÊ k , but for which the even quantity in (9) is bounded. Now for each r ∈ {k − 1, k}, if r = 2 z M , then for all integers x, i and j such that 0 ≤ x ≤ z,
x+1 , and j = r/2
is equal to the sum of a set A r of nonnegative integers for 
Thus
is equal to a nonnegative even number 2µ such that 2µ ≤ 2k − 1. But 2µ is even and 2k−1 is odd, so we must have 2µ ≤ 2k−2, which implies that 0 ≤ µ ≤ k−1.
Since k or k − 1 is even, it follows that r − µ is even for some r ∈ {k, k − 1}. Fix this r. Then the system 
2 a obtained from E k−1 ∪ E k by swapping red edges for blue edges in the orbit O. Then (10) implies that
Finally, dene X k to be the hypergraph with vertex set V = Z 2 a ∪ {∞} and edge set E = E k ∪ {E ∪ {∞} : E ∈ E k−1 }. Since θ maps red edges onto blue edges within each orbit, and vice versa, it follows that θ ∈ Ant(X k ), and so X k is self-complementary. Moreover, (11) implies that val X k (0) = val X C k (0), and so Lemma 3.1 (2) guarantees that X k is 1-subset-regular. 
Since Xk is 1-subset-regular and self-complementary, it follows that
Let
2 a . Moreover, (12) implies that
Now dene X k to be the hypergraph with vertex set V = Z 2 a ∪ {∞} and edge
and since θ ∈ Ant(Xk) it follows that θ ∈ Ant(X k ), and so X k is self-complementary. Moreover, (13) 
, and so Lemma 3.1(2) guarantees that X k is 1-subset-regular, as required.
We are on our way to proving the suciency of condition (2) in the main result of this section, Theorem 1.2. In the next lemma, we state and prove the base case for the inductive proof of this suciency, which is given in Lemma 3.4. Proof: We will construct a 1-subset-regular self-complementary k-hypergraph
and let
By Lemma 3.2, there exists a 1-subset-regular self-complementary r-hypergraph X j r on {∞} ∪ R j , with antimorphism θ j , for r ∈ {2, 3, . . . , 2 a − 1}.
a , this implies that one of the following conditions hold when C 1 (E) = ∅:
• ∞ ∈ E, all cycles of θ contain exactly 0,1, or 2 a elements of E, and at least two nontrivial cycles of θ contain exactly one element of E.
• ∞ ∈ E, all nontrivial cycles of θ contain at least 2 a − 1 elements of E, and at least two nontrivial cycles of θ contain exactly 2 a − 1 elements of E.
Now dene Y k to be the k-hypergraph with vertex set V and edge set E such that an element E ∈ V (k) is in E if and only if one of the following conditions hold for j 1 = j 1 (E), i 1 = i 1 (E), and i 2 = i 2 (E).
and (x + y) [4] ∈ {1, 2}.
We will prove that Y k is 1-subset-regular and self-complementary with antimorphism θ.
First we will show that Y k is self-complementary. Note that E C = V (k) \ E is the set of elements E of V (k) for which one of the following conditions hold. (Again, j 1 = j 1 (E), i 1 = i 1 (E), and i 2 = i 2 (E).)
and (x + y) [4] ∈ {0, 3}.
condition (i) if and only if E θ satises condition (i) . Also, for x ∈ R i1 , y ∈ R i2 , and a ≥ 2, we have ( [4] = (x + y + 2) [4] , so θ maps elements x and y with (x, y) ∈ R i 1 × R i 2 and (x + y) [4] ∈ {1, 2} to elements x θ and y θ with (x θ , y θ ) ∈ R i 1 × R i 2 and (x θ + y θ ) [4] ∈ {0, 3}, and vice versa. It follows that an element E ∈ V (k) satises condition (ii) if and only if E θ satises condition (ii) , and E satises condition (iii) if and only if E θ satises condition (iii) . Hence E ∈ E if and only if
Next we show that Y k is 1-subset-regular, which by Lemma 3.1 (1) 
is true if and only if val
Let j ∈ Z m and suppose that v ∈ R j . Let O be an orbit of θ on V (k) which contains edges containing v. Let E ∈ O, and set C 1 (O) = C 1 (E), and if C 1 (E) = ∅, set j 1 (O) = j 1 (E). Note that C 1 (E) is constant over all E ∈ O, and so C 1 (O) is independent of our choice of E ∈ O, and so is j 1 (O), if it exists. If
is constant over all E ∈ O, and so C 2 (O), i 1 (O), and i 2 (O) are also independent of our choice of E. Now O is one of four types:
• TYPE 2: C 1 (O) = ∅ and j = j 1 (O).
• TYPE 3:
• TYPE 4:
For each i ∈ {1, 2, 3, 4}, let P i be the set of orbits of θ on V (k) of TYPE i which contain edges containing v. We will show that
First consider the orbits of P 1 . Dene the mapping β 1 : (U(
for all E ∈ (U(P 1 )∩E) v , where
Since j = j 1 for all orbits O ∈ P 1 , and since v ∈ R j , it follows that for all E ∈ (U(P 1 ) ∩ E) v we have v ∈ E \ R j 1 . Hence β 1 maps edges of (U(P 1 ) ∩ E) v to edges of (U (P 1 ) ∩ E C ) v . Moreover, one can verify that β 1 is invertible, with inverse β
Now consider the orbits of P 2 . Every orbit O of P 2 satises j 1 (O) = j , and
Observe that since X j 1 r is 1-subset-regular and self-complementary for all r, by Lemma 3.1(1) we have
This implies that there is a bijection δ between the set of edges of X j 1 r containing v and the set of edges of (X j 1 r ) C containing v. Now dene the mapping β 2 :
for all E ∈ (U(P 2 )∩E) v , where
Since j = j 1 for all orbits O ∈ P 2 , and v ∈ R j 1 , the denition of δ guarantees
Hence β 2 maps edges of (U(P 2 ) ∩ E) v to edges of (U(P 2 ) ∩ E C ) v . Moreover, one can verify that β 2 is invertible, with inverse β dened by
Now consider the orbits of P 3 . Dene the mapping β 3 : (U(
Hence β 3 maps edges of (U(P 3 ) ∩ E) v to edges of (U (P 3 ) ∩ E C ) v . Moreover, one can verify that β 3 is invertible, with inverse β
dened by
Finally, consider the orbits of
In the former case, we must have E ∩ R i 1 = {v} and E ∩ R i 2 = {w}, for some w ∈ R i 2 such that (v+w) [4] ∈ {1, 2}, which implies that E β4 ∩R i1 = {v}, E β4 ∩R i2 = {(w+2) [2 a ] }, and (v + (w + 2) [2 a ] ) [4] = (v + w + 2) [4] ∈ {0, 3}, since a ≥ 2. In the latter case, we must have R i 1 \ E = {x} and R i 2 \ E = {y}, for some x ∈ R i 1 and y ∈ R i 2 such that x = v and (x + y) [4] ∈ {1, 2}, which implies that [4] = (x + y + 2) [4] ∈ {0, 3}, since a ≥ 2. Hence conditions (ii) and (iii) guarantee that β 4 maps edges of (U(P 4 ) ∩ E) v to edges of (U(P 4 ) ∩ E C ) v . Moreover, the permutation β 4 is invertible, with inverse β dened by
Now observe that
Since j was an arbitrary element of Z m , we conclude that It should be noted that Lemma 3.3 was proved previously for the case where a = 2. Rao handled the case where a = 2 and k = 2 in [13] , and Poto£nik and ajna handled the case where a = 2 and k = 3 in [11] .
We are ready to prove the suciency of condition (4) in Theorem 1.1. Lemma 3.4 demonstrates the existence of a 1-subset-regular self-complementary uniform hypergraph of rank k and order n for every pair (n, k) satisfying condition (2). Lemma 3.4. Let a, k, m, and s be positive integers such that a ≥ 2 and
Proof: Fix positive integers a and m such that a ≥ 2. We prove that there exists a 1-subset-regular self-complementary k-hypergraph on V with antimorphism θ for all positive integers k and s such that 1 ≤ s < k [2 a ] . The proof is by induction on s. . We will construct a 1-subset-regular self-complementary k-hypergraph on V with antimorphism θ. Now 1 ≤ s − 1 < k [2 a ] and so by the induction hypothesis, there exists a 1-subset-regular self-complementary k-hypergraph Z k onV with antimorphismθ. Moreover, since s ≥ 2, we have k [2 a ] ≥ 3, and so (k − 1) [ Let Z k be the k-hypergraph with vertex set V =V ∪ {∞ s } and edge set
Since θ |V =θ ∈ Ant(Z k ) ∩ Ant(Z k−1 ), and θ xes ∞ s , it follows that E ∈ E if and only if E θ ∈ E C . Hence θ ∈ Ant(Z k ) and Z k is self-complementary. Moreover, for all v ∈V, we have 
